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848. 


ON THE TRANSFORMATION OF THE DOUBLE-THETA 
FUNCTIONS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. ххт. (1886), 
pp. 142—178.] 


I PROPOSE to reproduce Hermite’s Memoir “Sur la théorie de la transformation des 
fonctions Abéliennes," Comptes Rendus, t. XL. (1855), pp. 249,..., 784, with some changes 
of notation and developments. Hermite’s functions are even or odd according as we 


have шд + әр even or odd; viz. his characteristic is (5 { >), or the letters р, 4, are 


misplaced; I write, therefore, r instead of p, so as to have the characteristic е in 


> 


and then for symmetry it is necessary to interchange the suffixes 2, 3 and the letters 
c, d; the invariant function of the periods, instead of being as with him 


00005 — 030 + 005 — WU, 
must be taken to be 
QU» — (sU, + W13 — WV. 


Moreover, I write A, B for his G, G', so as, instead of 
(G, Н, б ўл, yy, 
to have in the expressions of the theta-functions the quadric function (А, H, Вўг, у); 
and I alter the arrangement of the memoir so as to separate more completely the 
preliminary theory from the theory of the transformation. 
GENERAL THEORY. Art. Nos. 1 to 21 (several sub-headings). 
The functions П (К, indef. or def.}. 


1. Consider a function 


p» v : " 
I м s (æ, y) (4, Н, В) (К, indef. or def), 
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having: the characteristic (а N , Where the characters ш, v, q, r are positive or negative 
integers, МБЕ. mak be taken to have each of them only the values (0, 1) 
at pleasure, so that the number of functions is 2%, = 16; 
the arguments (2, у); 
the parameters, or conjoint quarter-periods, (A, H, B); 
and the potency K, a positive integer ; 


and which is either indefinite or definite, as will be explained ; the function, moreover, 
contains linearly certain arbitrary constants, the number of them depending on the 
value of K, as will be explained. 


The function may be written П (2, y) or in any other less abbreviated form which 
may be convenient. 


2. The function П (а, y) {К indef.} is defined by the following four equations: 


II (2+1, y) =(—) П (а, y), 
П (2, y+1) =(—) П (a, y), 
II (z - А, y 4- H) = (—)? IL (a, y) exp. — 27K (24 + А), 
П (2+ Н, y - B) = (y П (o, y) exp. — 2 K (2y + B), 
and the function П (а, у) {К def) by the same equations, together with the following 


fifth equation, 
H(-e&-—y) e y); 


viz. the definite function is an even function or else an odd function of the arguments 
according as шӯ + и" is even or odd. We may call uq + vr the index; and the function 
is then even or odd according as the index is even or odd. 


It is perhaps worth noticing that it would be allowable to define a function 
П (æ, y) LK, skew def], by the corresponding relation 


U= a — y) z—(—y" II (o, y), 
but I do not propose here to develope this notion. 
3. The four equations give rise to the following one, 


II (x+ + Аа, + Ha, yY +a + На, + Bas) | 
= (— авиа ч-даз+таз II (a, y) х exp. — 9m (2a + 2d3y Р (А, H, Вўа,, аз)?}, 


where а, @, ds, а are any positive or negative integers (zero not excluded), and which 
single equation, in fact, includes the preceding four equations. 


4. In regard to the parameters it is to be observed that, if A, H, B= А, +10, 
H,+in, В, +18, we must have (a, n, В) a determinate positive quadratic form; viz. 
this is the necessary and sufficient condition for the convergence of the series for the 


development of the function. 
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5. The number of arbitrary constants is for the indefinite function = К°; but for 
the definite function it is, when К is odd, =4(K?+1); and when К is even, it is 


= 4K", except in the case of a characteristic (2 A , when it is =4 (К° + 4). 


In particular, for K=1, there is only a single arbitrary constant, which is a 
mere factor of the function; taking it to be =1, as presently explained, we have the 
16 theta-functions. 


6. The function П (w, y) is developed in a series of exponentials, in the form 
II (2; y) = X ("Ах exp. т (am +2) 2+ n») y (4, Н, BY2m+p, 2n vy 


where m and n have each of them all positive and negative integer values (zero not 
excluded) from — œ to o». In fact, substituting this series in the four equations, they 
are all of them satisfied if only 


Am+x, п = А, п, Ақ hex = Ay, п. 


Consequently the following К? coefficients remain arbitrary, viz. those with the 


suffixes 
01, 241: X -—L 


K "A 1 » » » 


and we have for П (s, y) a sum of К? terms, each a determinate series multiplied 
into one of the arbitrary coefficients А, o, Áo 1, &c. The indefinite function thus con- 
tains, as already mentioned, К? arbitrary constants. 


7. Substituting in the fifth equation, we have for the definite function the 


further condition 
Y WS =n = ios, "T 


which it is clear will be satisfied generally if only it is satisfied by the coefficients 
in the foregoing set of К? coefficients, 


8. In the case K odd, we thus reduce the number of arbitrary coefficients to 
$ (К*+1); the mode in which this takes place is best seen by an example. Suppose 
К —3, so that Amisn=Amn; Am, nis Аһ п. For the coefficients of the indefinite 
function, the suffixes are 


00, 01, 02, 
10, Ss 0; 
20, 21, 22. 
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And if we suppose 4-0, ,=1, then the new condition is А_„ -n= А, һ, Viz. 
writing down only the suffixes, we thus obtain 


u^ aug Ju DI NY Е 8. = 
i qwe clap p pM. Deu git ig 
0, 2=0, —3 4, 2=-1, _3 2, 2 = – 2, — 3, 
that is, 
"ORO "91^ (GES 9 рар 06 1,9, 
аря 3 1=1 i, 
0, 2-0, Spe o mr RN. 


viz. one of these equations 0, 1=0, 1 is an identity, but the other equations occur 
each twice; or we have four equations, each of them an equality between two out of 
the remaining 8 coefficients; the number of arbitrary coefficients is thus 1+ 4(9—1), 25; 
and so in general the number is 

1+4(K*-1), 218-41) 

9. When X is even, it is necessary to distinguish between the case (и, и) = (0, 0) 
and the remaining three cases (и, v)=(1, 0), (0, 1) or (1, 1). In the former case, the 
relation between the coefficients is 4_„ „= 4,,,,; there are four identities, 0, 0=0, 0; 
0 4X 20, 4K; 4K, 0=4K, 0; 4K, 4K —1K, 4K; and the remaining К — 4 equations. 
occur each twice, that is, we have 4 (К° —– 4) equations, each of them an equality 
between two of the remaining К° – 4 coefficients; the number of arbitrary coefficients 
is thus 4+ 4 (2 4), 2 (К° + 4). 


In the latter case, there are no identities and the K? equations occur each twice, 
that is we have 4K* equations, each of them an equality between two of the JC 
coefficients; and we thus have $ К? arbitrary coefficients. 


> 
m 


10. Recapitulating, it thus appears that 


for an indefinite function, the number of coefficients = K?; 
for a definite function, the number = 5 (К° + 1), К odd; 
j =4K?, K even, and 
(u, v)=(1, 0), (0, 1) or (1, 1); 
=4(K? +4), K even, and 
(м v)=(0, 0). 


The Theta-functions. 


11. In the particular case K=1, the distinction between the indefinite function 
and the definite function disappears, and we have instead of П (æ, y) the theta- 
functions Ө (а, y), satisfying the four equations 

0(r-rl y — -(-"9( y), 
© (а, y +1) =(-) © (2, y), 
Ө (2+4, y --H)- (–) Ө (x, y) exp. — iv (2 + A), 
© (z -- H, y+ B) 2 (—Y Ө (x, y) exp. – ir (2y + B), 
C. хи, 46 
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and the fifth equation 
8(-u —y ете 

as before, "m is the index of the function. 

The four equations are all of them included in the following one: 

9 (z +% + Аа, + Has, y +a + На, + Ваз) = ("+0 та Ө (a, у) 
x exp. — ir {20,2 + 20у + (А, Н, Вбаь, аз}, 

where do, Œ, а, а are each of them any positive or negative integer, zero not excluded. 

"Moreover, we take .4,,— 1, and the value of the function thus is 

Ө (a, y) = Х (—)"t*"" exp. im ((2m + ш) æ + (2n +0) y - 1 (A, Н, Bij2m + p, 2n + vy). 


12. The sum of two characteristics is the characteristic obtained by taking the 
sums of the component terms or characters, 


(^ ii + id rÀ P м +p’, v А я 

q, r 9, y FE 9+9, r+ РА 

and similarly for any number of characteristics. I use the sign =, but this properly 
denotes a congruence, mod.2; and the like as regards the indices. 


The sum of two identical characteristics, or generally of any number of character- 


istics taken each of them any even number of times, is = b о). And this characteristic 
is "i may be called the characteristic 0. 


It should be observed, that the index of the sum is not in general equal to 
the sum of the indices. To make it so, we must have, for two characteristics, 


(и + ш) (9+9) + (v4 v) ("+") = ug vr wq vv, 
that is, 
uq + wq vr 4-vyr-90; 


and there is obviously a like formula for the case of more than two characteristics. 


Two or more characteristics, such that they have the sum of the indices equal to 
the index of the sum, are said to be “in direct relation" or “directly related” to 
each other. The sum of the indices and the index of the sum may differ by unity 
and we then have the inverse relation; but I do not propose to consider this. 


13. Consider any number K of theta-functions, of the same arguments and 
parameters, but with the same or different characteristics. The product of these 
functions is in general a function П (#, у) {К indef.}, having a characteristic which is 
= the sum of the characteristics of the theta-functions. In fact, from the four 
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equations of the theta-functions, we at once obtain for their products П (2, y) the 


four equations 
П (v +1, y) m (CH (x, y), 


П (z, y * 1) =(—)" П (2, y), 
П (2+ A, y+ H) = (Y П (x, y) exp. — ink (22+ A), 
II (2+ H, y+ В) = (—)*" П (x, y) exp. — iz K (25 + B), 


which proves the theorem. 


14. But if the indices are in direct relation to each other, then we have further 
II (- 2, =y) = (—) 824202 П (а, y), 
and the product is thus а function П (2, у) {K, def]. 


15. Take the square of a theta-function, the characteristic is = S X or 0, and 
we have also twice the index =0; viz. the theta-function is in direct relation with 
itself Hence the squared function is a function II D S (æ, y) [2, def], and as such 


it contains linearly 4(2?+4), =4 arbitrary constants. Hence, taking any five squares, 
since each of them is a function of the form in question, it follows that the squares 
of the 5 theta-functions are connected by a linear relation. 


Gópel's relation between 4 theta-functions. 


16. We may in a variety of ways (in fact, in 60 ways, as will presently be 
shown) select four theta-functions, all of them even, or else two of them even and 
two odd (that is, having the sum of their indices =0), such that the sum of their 
characteristics is =0; for imstance, the functions may be 


fi iw 0, 0 DM 0, 0 РЕВ p 1 Why - L 1 
Р = (1 3 Pr=(5 o): S = (0 3! Ñ -(t o) 


0977 36 EMT ae E 1 


indices 


The functions are thus in direct relation, and the product of the four functions 
0, 0 
0, 0 
times, or any two of them taken each twice, are in like manner four functions 
in direct relation, or the fourth powers Р”, Р”, S^, 5”, and the squared products 
PeP”, g^g" p^*g* p^g" P'S”, p'*S"? are in like manner each of them a function 
II S dl (4, def}, viz. we have thus in all 1+4+6, — 11 such functions. But the II 
function contains only $ (4° + 4), = 10 arbitrary constants; hence there must be a linear 
relation between the 11 powers and products, and this is Gópel's relation. 


is a function п ( ) {s def.}. But obviously any one of the functions taken four 


46—2 
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17. Starting with any two characteristics a, 6 at pleasure, the remaining charac- 
teristics form seven pairs, such that 


a+b=ct+d=e+f=gth=it+tj=k+l=m+n=o0+p; 


but among the seven pairs we have only three, suppose c+d, e+ f, 9+1, which are 
such that (а, b, с, d), (a, b, e, f), (a, b, g, №) are each of them either all even or 
else two even and two odd; that is, starting with any pair (a, b), we have these 
three tetrads having each of them the required property. The number of pairs (а, b) 
is $16.15, =120; and we thence derive 120 х 3, = 360 tetrads; but each such tetrad 
is of course derivable from any one of the six pairs contained in it; or the number 
of distinct tetrads is 4360, = 60, viz. we have, as mentioned above, 60 Gopel-tetrads. 


The four functions Пу, M, П,, Us. 


18. We consider four theta-functions 0,, 0,, 0,, 0, which are such that to the 
modulus 2, the sum of the characters is =0, and also the sum of the indices is 
=0; taking the characters to be 


E » (9r 5 в е) eo e 
q, r ? g, y > 9’, r^ , gi g” > 
and writing throughout = for = (mod. 2), we have 

pb +p’ + ш" = 0, 

у dc y! pe grey" = 0, 

q +g +9” +9” = 0, 

r + y + y" + p” ax 0, 


Mp. M mitt HL IH Hp tit 


uq vr t uq t vr + uq" 4 vr"  u"q" + wy" = 0. 


Writing for shortness (01)= ш + шя +" + ит, and so in other cases; and further 
(01)+ (02) + (12) = (012), &c., then substituting for и”, и”, q”, r” their values from 
the first four equations, we deduce (012) = 0; and similarly (013) = 0, (023) = 0, 
(123) = 0. 


19. Consider now a product 6,0,6;0,, where a+b+c+d is = a given odd 
number k; the characteristic is 


( ра + ш + ше + ш", уа +уЪ {ис + fio) 
ga +gb + q"e + q"d,  ra-F rb + "c 4 7"d/* 


and it hence follows that the index is 
— (ш q Ф vr) ik b (и q ss vr) +c 774 q” a vr’) ak d (м q" $ ит”). 


In fact, forming the index in question, we have first terms in a?, 0°, c?, 4, which 
upon writing therein a, b, c, d for these values respectively (a?—a, &с.) give the 
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required value; we have therefore only to show that the sum of the remaining 
terms in ab, &с., is = 0. These terms are 


ab (01) + ac (02) + ad (03) + be (12) + bd (13) + ed (23), 
and writing herein a+b+c+d=1, and thence ad=a(1l1—a—b-—c), =ab+ac, and 
- similarly bd =ab+ be, cd — ac + be, the terms in question become 
— ab (013) + ac (023) + be (123), 
that is, they become = 0. 
20. We thus see that the function 0,0, 050, has an index which is 
= а ind 9, + b ind 6, + c ind 0, + d ind 6,. 
Consider separately four products 60,0,0/0,;, in which the exponents a, b, c, d 
satisfy successively the relations (always to modulus 2) 
b+d=0, с+а = 0, 
b+d=1, с+а = 0, 
b+d=0, e+d=l1, 
b+d=1, e+d=1. 


Combining herewith the relation a+b+c+d=1, it follows that the exponents a, b, с, d 
are 


ee MT MELDE гу, 
а, 4+1, aq am i 
d ; ПС Е d'H; 
Uu qu q^ ae, 


in the four cases respectively. Then substituting these values, the characteristics become 


p "i ш, v , 
q, yr , q, 7’ "ie 
viz. the four products have the same characters as 0,, 0,, 0,, 6; respectively; and in 
like manner recollecting that 


ind 6, + ind 9, + ind 6, + ind 0, = 0, 


и 
pes : 

? n 
f». 


we see that the four products have the same indices as 0,, 0,, Oz, 0, respectively. 


More generally write II, IL, IL, П, = 50,*0,0,0,, where for the four cases 
respectively the exponents a, b, c, d satisfy the conditions already referred to; then 
IL, IL, IL, П, have the same characteristics, and the same indices, as 9, 9, 0,, 0, 
respectively. 

21. It can be shown that each of the functions II contains $(k°+1) constants. 
It will be recollected that we have between 6,, 0,, 0,, 0, an equation of the form 


0 == (0,4, 0,4, oF, 05, 60,3, 010,2, 0,07, 0:07, 002, 0.20,, 9, 0, 0, 0); 
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this serves to express, say 0, in lower powers of 0;; and by successive applications 
of this equation, we can reduce Х0,*0,0,0; to a form in which d has only one of 
the values 0, 1, 2 or 3; we do not by this transformation alter the suffix of II, 
viz. à term originaly of the form II, IL, II, or IL, will by the transformation give 
rise only to terms which are of the same form IL, IL, IL, II, (as the case may be). 
The number of constants in II, is thus 


= number of partitions of b into four parts a, b, с, d, 
under the conditions 
d=0 or 2; a odd, b, c each even, 
d=1 or 3; a even, b, c each odd, 


where, in reckoning the partitions, the order of the parts is taken into account: the 
partitions are thus as follows 


а= 0, (&—D)-R' DOD ed ah 1, 
d=1, a +(ъ- 1) + (с- 1) = 2-3, 
d=2, (a-1)+ b+ с =k-8, 
d = 8, a +(b-—1)+(c-1)=k-5, 


where the parts а ог (a—1), b or (b— 1), с or (c—1), as the case may be, are all 
of them even; hence, writing k’=4(k—1), the cases are 


a+b +c=k, kl, k’—1, or & —2, 


where the a’, b’, с are odd or even (zero not excluded) at pleasure; as already 
mentioned, the order of the parts is taken into account: thus the particulars of 3 
would be 

300, 210, 120, 030, No. is 10, =44.5. 


201, 111, 021, 
102, 012, 
033. 
Hence, in the four cases respectively, the numbers are 
$ ( k + 3k' + 2), 
$ (+ №), 
CA x №), 
$(k*— №), 7 


giving a total 
= 4 (4k? + 47 + 2), 2 4 {(2k + 1y + 1, 


that is, =$(k°+1). And similarly the number is =$(+1) in the other three cases 
respectively. 
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PREPARATION FOR THE TRANSFORMATION. Art. Nos. 22 to 44 (several sub-headings). 


The Hermitian quartic matris. 
22. Observing that, for the adopted form of the П- or @-functions, the periods 


Ono are. 1..0, 


O1, U; 9 И 
(5, Us VW IA 
wz, Us H, B, 


so that we have 
000 — wV + 91v -@:и, = H —040-—H, —0, 


we have to consider the automorphic transformation of the bilinear form 
0010 — 0500 + W1 Vg — 051}, 
23. We write 
(00, €i, 0, 93) =( а, Gh, а, а, 0, О, О,, QS), 
Do B; es, Oe 
Cae. hi O Ge 
i. did d 
(Ugg Ory Sy. My) om bs Ces 1 в SECUS yA A 
be РА We 
6. Cry 05, 6 


d,, dy, dz, d; 


Ex 


and the coefficients are assumed to be such that we have identically 
MU, — 0500 + 0 0 — w; V = k (Qf, = OT, + От, — OT) 


where k is in the sequel taken to be a positive integer. We obtain by direct 
substitution the value of wv: — wv + wus — wv, in the following form: 


2 


Q 2, о, nam Q; 


oCo — Coo + bodo — dobo | AyCy— 610, + b, d, — dibo | асы – Cady + bado — dabo | азс — сущ + 05d, — dibo 


| 419€, — Co + bod, — 46, 04€, — 640, + 0,0, – 4,0, | ас — c0, +badi— 4.6; | азс, — Cza + 63а, — dab, 


Ay Ca — Coa + boda — doba | My Cy — са. + bida — 0,0, | ась — со + bada — daba | азс, — сз + 64. — diba 


My Cy — Cols + bods — db, | а — Cias b, d, — dibs | ас, — саз + bad — 4,6; | азс — 0545 + bids — dibs 
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viz. equating this to its value &(O0,T, — O,T,-- O,T; — O,T;), we have 4 identities and 
12 equations which are, in fact, 6 equations occurring each twice. We have thus six 
equations, which are the conditions in order that the matrix may be the matrix of 
automorphic transformation of the bilinear form фу – ви + w;v,— ви. Тһе віх 
equations may be written 


(ас + bd), = 0, 
(ac + bd)». = К, 
(ac + bd), = 0, 
(ac + bd) = 0, 
(ac + bd), = К, 
(ac + bd), = 0, 


viz. the first of these equations is ac,—ac¢,+b.d,—b,d,=0, and so in other cases. 
It is convenient to remark that each interchange of two letters а and с, b and d, 
also interchange of the suffixes 0 and 2, produces a change of sign; thus the second 
equation may be written (са + db), = — k, or (са+ db)» = К. 


24. 'The inverse matrix is found to be 


( 4, Gh, 9, 9 1 ( = tes а, =Q, —b, ); 
by, 5, b, b, " 65; dj, — as —b, 
Cos C1, Co, б —%, — Qo, m b, 
dowd. Ru m —6, —d, а, b, 


and the determinant of each of the matrices in this formula is = А2, 


We have thus 
(О, Qi, Q, 0,) = ( 65, d, — a, —b, Van, о, 0, @з) ; 


C3; d, — a; -—b, 
— Сб, — d, С, b, 
yy c ES d;, Qi, b, 


and the like formula for the T, v. Substituting these values in the equation 

k (QT, ~~ AT, -+ OT, al T) = 000, — W Vo + w Us — 031, 
we obtain 6 new equations, which are in a different form the conditions for the 
automorphic transformation. 


The 6 new equations may be written 


(02 + 13)ш = 0, 
(02 + 13) = k, 
(02 + 13), = 0, : 
(02 + 18),а = 0, 
(02 + 13), = 2, 


| (02 + 13)» = 0, 
viz. these equations аге 
Cd. — Cod, + c, d; = сз, == 0, ќе. 
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25. It is worth while to show how the foregoing formula for the inverse matrix 


comes out. Take for instance the diagonal minor 


b, , b, › b, ? 
Qi, Cy , Cz 
d, , dy, d; 
this is 
= С) (db). + с (db), + 65 (db), 
which is 


= C, (ac) + с» {k + (ac)a] + es (ас), 
= ck, 


since the remaining terms destroy each other. And dividing by the determinant, which 


is = А, we have the term c,+k of the inverse matrix. 


The Symmetrical Hermitian Matrix. 


26. We may consider a symmetrical Hermitian matrix, say the matrix 


(A, $, G, L) 


Ñ, B, 5, M 
6, 5, €, 9 
EDEN OS 


viz. we have 


AC — © +HR -W =$, 
HN-LF +BO -M – ф, 
AF -GH + HM — 9e =0, 
AN -LG +HD -WM —0, 
CH-FG + BR -MF =0, 
GN-GCL + FD – 99 – 0. 


The characteristic property is that, effecting a Hermitian transformation, we have 


a new symmetrical Hermitian matrix 


(A, $, G, % Yaow+ay + az + aw, bm ..., C H- sss, 


H, 3, 5, M 
©, $, C, N 
Fu we c D 
aW, $, e, 
9, V, Y, 
6, ¥, C, 
v, ge, 9, 
C. XII. 
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In fact, the new matrix is 


Fs C Bas bis о, à ) CH LAIC а; а, 03, 05), 


Mi, b, › Ci, d, b, › b, ? b, › b, 
а», ba, Co, d, Co , €, › C2, Cs 
аз , b, E C3 E d, d, 5) d, > də, d; 


where the first factor, диф transposed matrix, is Hermitian. Hence the product is a 
symmetrical k’ matrix. 


27. Write 
A, = H? — А,В, – (27 —a8), 0 = a8 – т, 
| è = 2Hm —aB, — BA), 
and consider the following matrix 
( B : -n , -79Н,+ ВА, —7B, + BH, Xa, y, 2, wy 
—15 ; а ‚ —nA,+¢H,, — nH, + aD, 
| —7H,+BA,, —nA,+aH,, +ad, —5A,, —8H,+7A, 
—7B,+BH,, —nH,+aB,, — 8H, +74,, + ВА, – В, 
—(B, – т, аў2+ Az + Ноу + Haz + Воо) — (s? — aß) (az + 220 + Вил); 


it is easily shown that this is a symmetrical @-matrix. In fact, representing it for a 


moment by и, $ P) 
( , > ($, ? 

H, 3, 5, M 

б, 5, €, я 

E. ey Nx 


so that A= В, B=a, H=-—7, &с., we have 
96 — G + HN- LF = £ (aA, — 84) - (- nH, + BA, 
09 òH, + nA) — (= B, + ВН.) (— 7A,+ aH,), 
which is 
=aBA,— BSA, —  H? + 2854, H, — BA, + 69H, — тА, — nA B, + таВ,Н, + »BA,H,— a8H, ; 
or, for the two terms — èA, + dH), = (nH, — ВА,) 8, substituting the value 


(nH, — ВА.) (2H, — aB, — 8А,), 
the whole is found to be | 


= (aß — т) (A, Н,+ А,В,), that is, = (ав — р) = 6. 


And, similarly, HN — LF + Э — 1° is found to be =; and the remaining four com- 
binations of terms to be each of them =0; the matrix is thus a symmetrical 6*-matrix. 


28. It is to be added that the diagonal minors and the determinant 
A, 38—45 986+ бе, ABCD + &e., 


have respectively the values 8, 0, a0?, 0*; viz. if a, В, 0 are positive, then these аге 
all positive; or the last-mentioned quadric function is a definite positive form. 
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The general matrix resumed: Arithmetical theory. 


29. The matrix containing, as before, the parameter k, may be called a k-matrix; 
if k be —1, it is a unit-matrix. From the fundamental equation 


k (QT, T QT, a О.Т, ыы QT) = Wy — WV + 003 — 030), 


it at once follows that, compounding a k-matrix with a k’-matrix, we have a kk'-matrix ; 
and in particular, compounding a k-matrix with a unit-matrix, we have a k-matrix. 


30. The symbols а,, а, b, &c., and k, have thus far been arbitrary magnitudes, 
but we now take them to be integers; and we consider in particular the case where 
k is a positive odd prime. The number of k-matrices is of course infinite, but if 
we regard as equivalent any two such matrices which are derivable one from the 
other by post-multiplication by a unit-matrix (viz. U being a unit-matrix, the matrices 
M and M.U are regarded as equivalent) then the number of distinct k-matrices is 
finite, and 21 + k+ k+ k. | 

The first step is to show that we can by post-multiplication, by а properly 
determined unit-matrix, reduce the k-matrix to the form 


( Qo, a, 0%, аз ), 


0, bi» b, b, 
ДЕГ ИТ Е. 
0; 0, ds, d; 


these values being such as to satisfy identically two out of the six conditions; the 
remaining conditions present themselves under the two equivalent forms 
с. = k, b,d, — k, a,b, + a,b, — asb = 0, ad, + a.d; = 0, 
and $ 
ас, = Е, bd =k, ac, + bd, =0, — 0 + bad; — 6,4, = 0. 

Hence а, с = 1, k, or k, 1; and b, 4 =1, k, or k, 1; so that, combining these 
pairs of values, we have four different types of matrix, each type depending on the 
coefficients а, dz, аз, b., аз, bs, connected together by two equations. But the forms of 
the same type are not distinct from each other, and we have to determine for each 
of the four types a system of non-equivalent forms comprised therein, and such that 
from these, by post-multiplication by a unit-matrix as before, the other forms of the 
type can be obtained. This final system is:— 


Lin eee IE 34 "6 6! 0 
Q0. © 0 0 А 0, i 
0, .0; Fes 0 0, k 0 
0, 0, 0, ь C 0. 6.1 

BELL. Ш PE D OX, £ |, 
ASIN TS 6 xo vx 
ERRE i MORG рут. 0,4 1 
0, 0 =i, k (Op), de CS | 


47—2 
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where 4, ?', $’ are integers, having each of them any one of the values 0, 1, 2,..., k— 1, 
viz. there are in the four types 1, k, №, kè forms respectively, and the number of 
forms is thus =1+4+?+4%*, as already mentioned. І abstain from the further details 
of the proof. 


There is obviously a like theory for which, in place of post-multiplication, we have 
pre-multiplication ; viz. here the matrices М and U.M are regarded as equivalent. 


31. Any two k-matrices are reducible one to the other by a combined pre- and 
post-multiplication; viz. we have always M’=U.M.U’, where М, М’ are any two 
k-matrices, and U, U’ properly determined unit-matrices; and in particular, M’ being 
any given k-matrix, this is expressible in the foregoing form, where M denotes the 
principal matrix 


~ 
T 
о 

<“ 


). 


м 
м 


а O = 
о soo 
w c о o 


` 
` 


Congruence theorems, k an odd number. 


32. Taking & an odd number, and using throughout = instead of = (mod. 2), we 
have the following congruences : 
(doda + аа, boba + bibs, CoCa + сс, doda + did) 
=( а, th, а, а, ао + bada, азс; + 0,3, oCo + b, ds, вс, +6 4,); 
b, в, 5 6 
Co, Gi, C» Cs 
dy, d, d, d, 
or, conversely, 
(ас, + bado, азс: + bads, ас, + bodo, 20 + b, d) 
=( а; da, —а., — b, аа + ваз, bob F bibs, CoCa + 0,05, doda + dids), 
Cs, d, =, — b 
—06, —4, d b, 
—06, —d, y b, 


where observe that on the right-hand side the signs — may be changed into +; in 
fact, to the modulus 2, we have for any integer value whatever — p = + p. 


33. The first congruence is 


Ap Ay + Ay Ay = а, (5s + bado) + à (азс; + bads) + а, (ас + bodo) + аз (the, + bidh), say X = Y, 
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and to verify this, I see no other method than that of considering separately all the 
combinations of even and odd values of a, a), Q», 3; viz. we have the 16 cases 


Х, Ws 


does not exist 


viz. the X column gives in each case the value of X, = а, + аз, and then it has 
to be shown that У has the same value. The coefficients satisfy the conditions 


465 — 05€, + 04€ — 05€, = 1, 

bid — b,d, + bid; — bd, = 1, 

аб. — a,b, + a,b; — a,b, = 0, 

d, d, — a.d, + a,d, — asd, = 0, 

рос — 0,0, + 6,6; — Вс, =0, 

Gd, — cd, + c,d; — с, = 0, 
so that from the first equation we cannot have а, @, а, а, each = 0, or the first 
case does not exist. As to the remaining cases, it is easy to see that they group 


themselves as follows: 2, 3, 5, 9: 4, 18: 6, 7, 10, 11: 8, 12, 14, 15: 16: the proof 
being substantially the same for the several cases in the same group. 
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34. Саве 2, We have Y=b,d, which should be =0, and in fact, the six equations 
give b,=0, d,=0, whence Y — 0. 


Case 4. We have У= о +0 + 0,4, + 0,0, which should =1, and in fact, the six 


equations give c,—c,=1, 5,—5,-0, d,—d,=0; whence c-c,—1, bidi + 0,4, = 0, and 
therefore Y = 1. 


Case 6. Here Y=bd,+b,d, which should =0; and in fact, the six equations 
give b + 0, =0, d,-- d; 20, whence Y —0. 


Case 16. Here Y= Co + Cy г Cy + C5 + bod, + b, d, sig bado + b,d;, which should be = 0 ; 
the six equations give 
—06,—0 06 0-1, —b — b, +b - b, = 0, 
—d,—d,+ d, + d, = 0, and bida — а, + ва, — b,d, = Is 


Writing 
b, +b: =b, +b; and d,+d,=d,+ds, 
we find 
bod, + bd. P bod. T bod, = bid, T в.а: ва b, d, E b,d;, 
that is, 


bado + b d, + bod, + 6,4. = boda + bado + b d, + 6.а,, =1; 
and Co +C +C + c= l, whence Y=0. 
35. Case 8. This is the only case of any difficulty: we have 
Y 26 +0 + b,d, + b, d, + dds, 
which should be =1. The six equations give 


—G+¢,—¢,=1, — b, 4- b, — b, — 0, — d, 4- d — d, = 0, 


or, say 
€, ——1-—co +e, b=- b b, d=—d,+d;; 


or, substituting these values and omitting even terms 
Y =c, 4 6; — bid; — b,d,. 
The remaining three of the six equations are 
badz — body + b d, — 00, = 1, 00 — 0 + b,c; — bsi = 0, ed, — 61, + ва; — 0, = 0; 


or, substituting for bs, Co, d, their values, these become 


(1 + Cy M. €3) b, + (b; FEF b) с. = EA b,c, 5,6, 
(d, — d;) b, + (b; — by) d; = 1 — bd; + 0,4, 
(а, —dj) e +(—1—¢, + с) а, = — (ds + 6d; ; 


we can from these equations eliminate bz, с, da; viz. from the first and third equations 
eliminating c,, we have 


(1 4- c, — сз) {(d; — di) b, + (b, — bs) do} = (ds — dy) (— b es + 0,0.) + (b —6,) (— cid; + са), 
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and this, by means of the second equation, becomes 
(1 a, — с) (- 1+ bd, — b,d;) E (d; — 4) (- bc + о) + (b, = b) (- cid + Csa), 


viz. reducing, this is 
—06 T0 —1-46,d, — 5,d, 20; 


and in virtue of it we have Y 20, + €; — bid — b,d, = 1. 
It can be further shown that, to the modulus 2 (k being, as before, odd), we have 
(аа. + 4,05) (CoCa + сб ) + (boba + bibs) (doda + did) = 0, 
(AoC) + bodo) (40 + bado) + (ас, + bidi) (азс, + b,d;) = 0. 
To prove the first equation, write for a moment 
О = (аа, + ва) (CoCo + 0), ©’ = (bb, + bibs) (dod, + dido), 
X = (ас — AC) (Cs — 20), X’ = (bid, — bido) (bod; — by ds) ; 
then in virtue of the equations 
AC, — AC + bod, — bidh, 
d5€5 — азс, + bd, — 6. de, 
we have X=X’. But we have identically 


Q — X = (а, + ,C;) (а, + 9301), 
and from the equation 


Ay Co — @ 6% + @ C3 — 05€, = 1, 


that is, ас, +c = —1+ 00 + 4,6, we have О – Х = 0; and similarly О’ — X’=0, that 
is, Q-—0/=X—- X' 20; we have thus the required equation 2+0’=0. In a similar 
manner the second equation may be verified. 


36. Write 
Ш = ша + VA, + qa + та. + Aya + 0505, 


и = pbo + vb, + qb; T rb, + 00, + bib, 
d = Ho + V6, + 46 + T0, + 000 + 00, 
т! = pd, + vd, + qd, + rd; + did, + didz. 
It is to be shown that to the modulus 2 we have 
uq Ц. р" ^d uq Tyr. 


In fact, forming the value of wg +vr, we have first a constant term (term 
without и, и, 9, r) which vanishes; next writing р? = и, the whole term in p is 


oCo + bodo + @ (CoCa + 0,05) + b, (dud, + d, ds) + Co (Up da + а. аз) + do (Doba + b, bs), 


which also vanishes; and similarly the terms in и, q, r each of them vanish; there 
remain only the terms in py, wg, &c. The coefficient of uq is ась + а,с, + bod + bdo, 
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which (always to the modulus 2) is = dC — @2C + 00, — 64, that is, it is =1; and 
similarly the coefficient of vr is =1; and in like manner the coefficients of the other 
terms are each =0; we have thus the required congruence wg + vr = uq + vr. 


The quintic matriz. 


37. І consider а quintic matrix composed of the foregoing coefficients (a, b, c, d), 1, 2 з, 
viz. the matrix contained in a linear transformation which I write as follows: 


01 21 2.02 08 32 


(T, Р, QE, OP mak ts au 3 a) OU APA В. В 
cb 
ас |. . k 
ad 


d. 
read " 
T" = (ab), T+ (ab), P + 2 (а), Q + (ab), Е + (аб) S, 


where as before (ab), = a,0,— а%, &c., and so in other cases; in particular, observe 
that, in the expression of Q’, the term involving Q is {— k+ 2(ac)s] Q which, in virtue 
of the relation (ac+bd),=k, may also be written {(ас)» — (bd),] 9. I notice that in 
Hermite’s paper, p. 366, the term is in effect written without the —k, = 2 (ас) Q; 
the correction of this erratum and of a corresponding one, p. 366, is made p. 787 at 
the conclusion of the memoir. 

38. The matrix is automorphic for the form 7° — PR — TS, viz. we have identically 

Q°?- PR – T'Y =k? (Œ — PR — TS). 

Аз а partial verification, consider in Q^— P'E'— T'S' the term containing Q*. The 
coefficient of Q? is 


{— k + 2 (ac)? — 4 (сБ) (а) — 4 (00) (de), 
where the first term is 
{(ас)» — (bd)s]*, which is = (ас) + (bd)s]? — 4 (ас)» (04) = k — 4 (ас) (64)». 
Hence, observing that we have 
(ас) (50) + (сБ) (ad)o + (а) (ас) = 0, 


the whole coefficient is —4A?, as it should be; and in like manner the verification may 
be effected for any other term. 


39. We require the following formule: - 


( = в, m РНЕ qi, sms etra gan dota 
ERE TM la dst OA RR AN 

— Ce, 9, b, F кино Atoll 

dd e ag S Е no VN 
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that is, 
— eT" + a,P' -- bQ' =k(b,P £^ bQ © 0,8), &c., 
and 
( = dy, Q5, b, ж", (0, Е) =k ( sg 5 «Оу; MN, .5 аз NT, В 0, К, S). 
bi а, a, b, , , — 05, lo, — A, 
— 4, a, b, а, TON TET 
"n d;, Q5, b, | en vas hems Cas, vom Овну 


From the first set, multiplying the first, third and fourth equations by 7, P, Q 
respectively and adding, and again multiplying the second, third and fourth equations 
by T, Q, R, and adding, we obtain 


— (cT + oP -- cQ) T" + (aT + a4P + aQ) Р + (7+ b,P +00) 0 = kb, (Q?- PR- TS), 
— (aT +Q -- c R) T' + (a, T -- a.Q +В) Р’+ (b. T + b.Q +08) Q = — kb, (X — PR- TS); 
and similarly, from the second set of equations, we obtain 
— (dT + d, P -- d4Q) Т + (a, T + aP + aQ) Q + (b, T -- b, P + bQ) Е = — ka, (0° — PR — TS), 
— (d, T -- 4,0 -- dE) T" + (a, T -- a4Q -- a,R) Q'-- (b, T --b,Q +0,8) К = Ка, (Q^ — PR — Т8). 
40. We have the inverse system 
dc ad 2bd cb ab 


ТРО. En cw о Qu RT) 
03 


read 


T = (йс), T" + (ad), P’ + 2 (64), Q’ + (cb), R/ + (ab), 8; 


and in particular observe that, in the expression for Q, the term containing Q is 
{— k + 2 (bd),] Q, where, in virtue of (ас +64), = k, the coefficient of 0’ is also 
= (bd) — (ас) 


41. These equations give 


(9 oodd I Pc) ee dou is mms =b, AAE PL O EE 
Dy, 5.5, = Os tis b,, ? Я 
Cos Ca, Cg. MNT TM í b, 

| dy, d» ds | ар ee П eee 

OG а? 48 
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and 
(4$, @, а, OT, 9 R=k( —d;, My as; by SHR Е: 
Bi iets |) iy 6, т : 
Do Gey “Oy TOT ür cw 
(du d 0, у eis! Osage Ge 0, 


From the first set of equations, multiplying the first, third and fourth equations 
by -S’, — E, +Q respectively, and adding, and again multiplying the second, third 
and fourth equations by — S', Q', — P' respectively, and adding, we deduce 


T (— aS’ – Е + 49) + P (— a,S' — o,f + dQ’) 
-Q(— a,8' - с. В’ + а, 9’) = – ke, (Q^ РЕ — T'S’), 
T (— &,S' +o — d, P^) - P(— b, S' + oQ' —d,P) 
+Q(—b,8’ +R —d,P)2 kd (Q — РЕ —T'S^; 
and in like manner, from the second set of equations, 
T(—a,8' —eR' +40) + Q(— a8’ — c,R' + d,Q) 
+ R(—a,8' – В + d,Q') = — kd, (Q^ РЕ —T'S^, 
T (— &,S' +a — Р) + Q(— b,S' + e,Q' — d, P?) 
+В (- 6,5’ + с.0’-а,Р’)= ke, (Q?- РЕ – T'S’). 
49. Assume that T, P, Q, R, S and T", Р’, Q', Е, 5’ are linearly connected 


as above; and write 
рети зат И ИЕ v4 : Н АВ, 
ЕРОН Вета ВБА 


equations which establish a like relation between 1, A, H, В, H?*— АВ, and 
1, A’, Н’, В, H*— A'B. Observe that these forms are admissible since, if 


T? -PR - QS =0, 
Q^— РЕ —T'S'-0., 
The quantities A, H, B were taken as the parameters of a theta-function; viz. taking 


A, Н, B=4,+ ia, H,-- iy, B,4- 1, 


then also 


then (a, 7, Bæ, y) must be a positive form (or what is the same thing, a and 
a8—n? must be positive) If A’, H', В’ are also the parameters of a theta-function, 
then writing 

A’, Н, B'2 A, tia, Ну iw, Ву +18, 


(а, т, Вг, y must also be a positive form. It can be shown that, A’, H’, В’ 
being determined as above, the former condition implies the latter one; viz. if the 
form (a, 7, Be, y) be positive, then also the form (а, 7’, B’\a, у will be positive. 
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Write 
A=A,+ tia, A’ =A) + id’, 
В = В, +18, В = В, +1’, 
Н= Н, +, Н’ = Н + й. 
А = А, +i, 
A= Нг — А,В, — (т — a), 
6 =2H,n — Ва — А.В, 
and let the quintie matrix in the foregoing transformation 
(Ts P', Q; R, S) (MUT, P, Q, В, S) 


be represented by 
CM MU UN OE 


> 9 NW oe © 


43. It is to be shown that аа? + 2n'xy + В’у? is definite and positive. 


We require a’, В’, 7’; we have 


(0, р, d, Tr 8) (1, Ao 1a, Н, +, В, +18, A, +15) _ M, + М 


даю рот a 2 
А. (2, Pos Qo; То, 8) ( b ) М, + Not 
and thence 
, M,N. — М.М, 1 
t= Tes NS CD MoM - MIN, 
Now 


И.М, — ММ, = (р —tpo) a 
+ (4 — tgo) n 
Tn — hr) В 
+ (fs —t5)) Ò 
+ (роф — pq) (Aon — Ho) 
+ (por: — p) (4,8 — Boa) 
+ (роз, — P18) (4,8 — Aya) 
+ (47, — qm) (Н.В — Bon) 
+ (47, — Ф") (НВ — By) 
+ (99 — 9185) (H,9 — Ayn) 


+ (18) — 7180) (В,д — 4,8); 
48—92 


www.rcin.org.pl 


380 ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. [848 


and so for 7, В’ with only the change of h, p, Фф, т, s into te, р, Qa, т, S and 


ts, Ps, Ys, Ts, Sa respectively; we find, omitting a factor = throughout, 


a = 7 т В = 
а b, — ab, a, 
7 — 2b,b,, аб, + abo, — 20,0, 
B by, — Abo, а, 
8 — (b,b, + bibs), $ (a,b, + a,b, + а, 6, + а), — (dodo + ааз), 
Ал — На — 2b,b., a,b, + Qab, — 2a, а», 
Н.В — Bon + 2b,b;, — (a,b, + азб), + 20,05, 
A,B — Ва baba — bibs, | — $ (a,b, + a,b, — a,b, — аз), а. — AAs, 
A,d — Ava — bj, Made, — а}, 
H,8 — Ayn — 9b,b,, + 050, + Asbo, — 20,05, 
B,é -—A,B — bj, abs, — ag, 
and. hence 
aa? + уку + B’y? 
EI В, —1, —nH,+BA,, В, -BH, 062—049, ba—ay, b.a—a.y, 0,0—0). 
а a; i) 34, ball, —nHyt аВ, 


—nH,+ 84, —2A,a4H,, +44, — ò., —5Но+ 14, 
—7B, +ВНь, —nH,- аВь, &H,— nA), T-85,.— dB, 
The right-hand is here definite and positive (supra No. 28), hence also the left-hand 


is definite and positive. 


44, As a specimen of the work, observe that we have 
to Pi — Gps = (ab) (cb) = (ab), (cb), 
= b, (b, (ac)a + b, (ac). + b, (acho) 
= b, [— by (bd) — 6, (bd), + 0, {— (bd), + ®}] 


= bk, 
since the remaining terms destroy each other. Dividing by [], and then omitting 
the factor e we have thus the term ab; in the foregoing expression for æ. 


THE TRANSFORMATION. Art. Nos. 45 to 53. 


45. Consider (a, b, с, d), з, the components of а quartie matrix as above, and 
also T, P, Q, R, S; T", P', Q, В, S' connected as already mentioned; and write for 


shortness 
2, = 02 + by, 2 = aum + by, 


Za = MaX + by, 23 = аз + 037, 
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and consider the function 
П (2, y) 2 Ө (z + Az + Hz, 2+ Нг, + Вг) exp. im {(22, + 2,23) + (А, Н, Вўг,, zy, 
where Ө denotes the function 


ө (o ”) (A, H, B). 


It is to be shown that II is a function 
I ты e (e, y) (A', Н’, B')(K, def), 
where the new parameters A', H', B' are given in terms of the original parameters 
A, H, B by the equations 
DAS Ba BAB. T Раг О.Д 8, 
pops НОТЕ НР, РУ ОА: S, 
and where p, и, q, r have the values 
Ш = ра, + па, + да» + та. + ва. + ааз, 
и = ub, + vb, + qb. + rb, + biba + bibs, 
Q = шо + ve; + 96 + TC; + сис, + C165, 
т = ud, + vd, + qd, + та, + did, + didz; 


viz. it is to be shown that the function II, as above defined, satisfies the fundamental 


equations 
П (2+1, y) = (— П (2, y), 
П (z, y+1) P (ur П (a, y) 
II (2+ A’, y +H’) = (—Y П (o, у) exp. — Эт (24 + A’), 
II (æ+ H', y+ В) = (—Y П (а, y) exp. — 2” (2y + В), 
an 


- MH (-2,— y) =(—rter П (æ, y). 


46. It is proper in the first place to show how .it is that A’, H’, B' are 
capable of being the parameters of the new function. 


Write for shortness 
X =2,+ Az, + Hz, 


Ү=2 + Нг, + Bz, 


and suppose æ changed into 2+1 we have %, 21, 2, 23 increased by do, a, аз, а; 
respectively; and thence X, Y increased by a,+Aa,+Ha,, а + На. + Ваз; the theta- 
function is thus changed into 


Ө(Х +a + Аа, + На, Y+a,+ На, + Bas), 


viz. the arguments are increased by multiples of the quarter-periods (1, 0, A, Н) and 
(0, 1, H, B). 
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And, similarly, by the change of y into y+1, the theta-function is changed into 
9 (X +b,+ Ab,+ НЫ, Y+b,+ Hb, + Bb), 
or the arguments are increased by integer multiples of the quarter-periods. 


47. But suppose next that v, y are changed into 2+ A’, у + В’: we have %, 21, 2, 2 


increased by 
Aat Hb, A'a,t+H'b,, А'о+ НЬ, A'a + НЬ, 


and thence 
X increased by A’ (а, + Аа, + Наз) + H' (b, + Ab, + Нь), = + Ас, + Но, 
У $ „ A’(a,+ На, + Ва.) + H' (b + Hb,+ Bb), = c, + Не, + Bos, 


since these equalities are the before-mentioned equations 
Р’(Та’- Pa, + Qas) + Q (ТЬ, + Pb, + ӨБ.) = 7" (To, + Po, + Qes) = 0, 
P' (Ta, + Qa, + Ras) + Q (Tb, + Qb: + В) — T" (Te, + Qe, + Ros) = 0. 


It thus appears that, by the change of æ, y into 2+4, у + Н’, the theta-function 


is changed into 
O (X + e, + Ас, + Ho, Y e + Но, + Be), 


viz. we have again the arguments increased by integer multiples of the quarter- 
periods; and in like manner, by the change of æ, y into æ+ Н”, у+ В, the theta- 
function is changed into 


eX + d, + Ad, + На,, Y+ dı + На, + Ва.), 
or the arguments are again increased by integer multiples of the quarter-periods. 
48. We have to complete the verifications, first for the equation 
П (2+1, y)=(-¥ П (o, y). 
Reverting to the definition of П, we have 
(—» П (2+1, y) + Ц (o, y) 
= (—) hormis exp, — іт {000 + OAs} ; 
© (X +a, + Аа, + Нау Y +a + Ha, + Ba;) - © (X, Y) 
= exp. іт (as; + A22 + 0425 + 052; + Qo la + AAs} X 
exp. йт (2 (Aa, + Has) z, + 2 (Ha, + Bas) 25+ (A, Н, В) (as, а); 
the second line of this is 
= (—)yuntracteastrts exp, im {— 2a,X — 20У – (А, Н, В) (о, asy], 


and the right-hand side of the equation will thus be =1 if-only the whole argument 
of the exponential be =0; that is, omitting the terms which destroy each other 


and the common factor iz, if only 
— 20, X —2a,Y 
+ 425 + 32, + 0423 + 052, 
+ 2 (Аа, + На.) z, + 2 (На, + Ваз) z= 0. 
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Substituting herein for X, Y their values 


y+ Да, + Наз, а + Ha, Ваз, 
the equation becomes 


25 — 052, + 042, — 032; = 0, 


and finally substituting herein for 2, 2, 25, 23 their values, the coefficient of œ is 
identically — 0, and the coefficient of y is 


oba — Aabo + a,b, — gb, 
which is (02 + 13),,, and is thus = 0. This completes the proof of the equation 
II (2+1, y) = (-)" II (x, y); 
and we have of course a precisely similar proof for the equation 
П (2, yt 1) "s (—)" II (2, y) 

49. For the next equation, writing for shortness a, a, @, a, for A’a,+ H'b,, 
A'a + НЬ, A’a,+ НЪ,, A'a,-- H'b,, so that 2, 2,, 2, 2; are increased by а, 0, Qa, а 
respectively, we have 

(-)? II (x+ 4’, y+ H’)+ П (o, у) 
= (—) eregas exp, — iT (CoCa + C103) ; 
9 (X -F e, c Ао + Ho, Y 4 c + Нос, + Во) - O(a, у) 
= exp. im (8,25 + 02, + 0525 + 02, + 005 + 0505] X 
exp. im (2 (Aa, + На.) z, + (Ha, + Ва.) 2. - (A, H, В) (a, ey]. 
The second line is here 
—(—)urtvatestró exp, im {— 26, X — 26; Y - (A, Н, Bien, c], 
and. ће whole expression should be 
= exp. im (— 2k« — kA'). 


Hence bringing these terms over to the left-hand side, the equation will be satisfied 
if only the whole argument of the exponential be —0; viz. omitting the factor ir, 
the equation will be satisfied if only 


025 + 020 + 023 + 052 + Oy Ae + 003 — CoCa — 0103 ; 
+2(A, Н, В) (о, а.) (a, 2) - (A, Н, B) (a, оз) 
—9,Х —%,У — (A, Н, В) (с, cy + (20+ A") =0. 
Substituting here Юг X, У their values 


2+ Аг, + Hz, nd Нг, + Bz, 
and attending to the values 


Hetbhy, Hethy, ав у, aze + by 


of Zo, 21, Za, 2, the equation contains a term in 2, a term in y, and a constant term; 
and we may consider these terms separately. 
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50. The term in z will vanish if 
Ay We + Q0 + за, + 0405 + 2 (Aa, + Has) a, + 2 (На, + Bas) as 
— 2с, ( + Аа, + Ha;) — 2c, (a, + На, + Bas) + 2k=0, 
and substituting herein for a, %, %, аз their values 
A'a,4- H'b,, Аа + НЬ, А’а,+ Hb, Аа + H'b,, 
the equation becomes 
A’ [2% а, + За аз + 2 (Аа, + Has) a, + 2 (На, + Ваз) as] 
+ Н'[а,0, + ab, + a,b; + azb: + 2 (Аа, + Has) b, + 2 (На, + Bas) bs] 
— 2c, (à, + Аа, + Has) — 2c, (а, + Ha, + Bas) + 2k = 0, 
or observing that the first and’ second lines may be expressed in the form 
A’ [2a, (a, + Аа, + На.) + За, (a, + Ha, + Ba;)] 
+ H’ [2b, (a) + Да, + На,) + 2b; (a, + На, + Bas)] — (a,b, — dobo + a,b, — asb;), 


where the term ab, — а,б, + aibs — a,b,, that is, (02--13),, is =0, and may therefore 
be omitted, the whole equation, omitting the factor 2, which divides out, is 


(A'a + H'b, — c) (a, + Aa, + Has) + (A'a; + H'b, — с) (a, + На, + Bas) + k — 0, 
an equation which, in the form 
(— c, T" + a P' + b,Q^) (a, T+ a, P -- a4Q) + (— оТ + a, P' + 0,0) (a, T + a,Q + о R) + ЕТТ = 0, 


has been above shown to be true. The term in х thus vanishes. 


51. The term in y will vanish if 
Aoba + ab, + e b, + asb, + 2 (Аа, + На.) b, + 2 (Ha. + Bas) bs 
— 2c, (b, + Ab, + Hb;) — 2c; (b, + Hb, + Bb,) 20; 
and this is in a similar manner reduced to 
(A'a, + H'b, — cj) (b, + Ab, + Hb;) + (A’as+ Я, — с.) (b, + Hb, + Вь,) = 0, 
an equation which, in the form 
(— eT" + a4 P' + bQ) (bT + b, P + bQ) + (— eT" + a P' +b) (b. T + b,Q -- b, R) = 0, 


has been above shown to be true. The term in y thus vanishes. 


52. lt only remains to show that the constant term also vanishes, viz. that we 
have 
а0 + 0,0, + (А, Н, В) (а, о)? 


— CoCa — €64,09 — (A, Н, В) (с, cy + kA’ =0. 
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Substituting here for æ, а, %, a, their values 
= A'a,-H'b, Ао + НЬ, Aart Hb, Аа, + H'b,, 
the equation becomes 


А” (аа. + ааз) + А’Н’ (a,b, + aabo + a,b, + а) + И” (bob. + bibs) 


+ A[A^"a? +2А’Н’ TH^bs ] 
+ 2H [А"а,а + А’Н’ (a,b; + azb) + Hb, bs] 
+ B[A"a? +2A’H'a,b, + Hb? |] 


— 66. — 168 —(А, Н, Вўс,, cy +ЁА’ =0. 
This may be written 
A^ (a, (a, + Aa, + Наз) + a; (a, + На, + Bas)} 
+ A'H' (b, (a, + Аа, + Has) + b, (a, + На, + Bas) 
+ а, (b, + Ab, + Hb;) + а, (b, + Hb, + Bb,)} 
+ Н” (,(0,+ Ab, + Hb;) +6, (b, + Hb, + Bb;)} 
3 | — о (Co + Ас, + Hos) — с, (с, -+ Не, + Bos) + kA’ = 0. 
Writing herein 
€, + Ас, + Не, = (a, + Аа, + На) A’ + (%+ Ab, + Hb) Н’, 
с, + Ho, + Ве, = (а, + На, + Baz) A’ + (b, + Hb, + Bb,) Н’, 
equations which are true in virtue of | 
— (eT -- c, P +Q) T" + (a, T+ a4 P + a4Q) Р + (b, T --b, P +R = 0, 
— (aT + oR +в E) T' + (a, T +a +а,В) Р t (b. T + b,Q + 0,R) Q' = 0, 
the equation becomes 
(a, + Да, + Ha;) A’ (A'a, + НЪ, — с) 
+ (a, + Ha, + Ва. ) A’ (A'a; + НЪ, — сз) 
+ (by + Ab, + Hb) E' (A’a, + Hb, — о) 
+ (b, + Hb, + Bb,) H' (A'a; + НЬ, — в.) + kA’ =0, 
that is; 


А’ [Ко + Аа, + На.) (— c + A’a, + НЬ) + (а, + На, + Ваз) (— cs + А’ + НЬ) + k] 
+ H’ [(% + Abo + Hb) (- ca + A'as + НЪ,) + (b, + Hb, + ВЬ,) (— с, + А’а, + Н'Ь,)] = 0; 


and we have the coefficients of A’ and H’ each =0, in virtue of 


385 


(aT + аР + 4-0) (- cs T + Р +0) + (a T - a,Q +4 В) (— 67 + a,P’ +69) +7 = 0, 


OT +P +0) (C aT +P + 0) + (T +R +8) (aT + P+ bs) 
C. XII. 
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53. This completes the proof of the equation 
II (z -- A’, y+ Н) = (—Y П (a, y) exp. — іт (2x 4- A^); 
the proof of the remaining equation 
II (2+ H', y+ В’) = (—Y П (a, y) exp. — irk (2y + B^), 
is of course precisely similar. 
It has already been seen that ш + и" = шу + от; we have 
6 (- X, - Y) e (-yevr e (X, Y), 
II (- e, — y) = CY" TE Gs y) 
II(7 z, – у) = (y T*"* IL (o, y), 
which is the last of the equations which should be satisfied by the function П (a, у). 


and thence 


that is, 


RECAPITULATION, AND FINAL Form. Art. Nos. 54 to 58. 
54. Recapitulating, we have a Hermitian k-matrix (k an odd prime) 


(d uy X ), 
Kk. WI NA 
ee: Vee Um 
СА 
susceptible of (1+k+°+4*) forms; further, writing for shortness 
2. = Ax + boy, 
2: = a + by, 
Zo = Apt + bay, 


23 = аз + b,y, 
and then 
Х=2+ Az + Hz, 


Y =z, + Hz, + Bes, 


and assuming 


IL (s )=0( ”)(X, У) (4, Н, B) exp. im (ss. 212) +(4, Н, B) (е, 299) 


then П (æ, y) satisfies the equations 
П(2+1, у ) =(-¥ H (e, у), 
П( z,y*1 -(-yIH( y), 
II (z 4- A’, y+ H’)=(—)” П (2, y) exp. — чт (2o + A^), 
II («+ H', y+B’)=(-) П (x, у)ехр. — irk (2y + В’), 
IL(-2, — y) = (—)* 4+" П (a, y), 
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and it is consequently a function 


D (os y) e DA, E, ВК, det) 
and as such, contains linearly $ (/° + 1) constants. 


55. The values of the new parameters are given as above, viz. 7", Р’, ©’, Е, 8 
being linear functions of 7, Р, Q, В, S (the coefficients in these relations being given 
functions of the coefficients (a, b, с, 9), з of the Hermitian matrix), then 


ооо А-а Р, а gi 
ИР В Нен АВТ рО с ВИ, 
which represent the required relations. 


56. We consider four such functions П (2, y), derived from @-functions having 
respectively the characteristics 


jeg db in iy) (^t | Bh ni 
Qo ; To ; Фф, 7 $ G2» 75 1 Qs , Ts : 


being a (0123) system; and having consequently the characteristics 
(em), (me mt) qm), quen 
Че › To nim d», To qs: Ts 
which also form a (0123) system; say the four are П,, IL,, П,, I. 
This being so, consider four theta-functions 
O(a, y) (A, Н, В), 
having respectively the characteristics 
EVO Sa PNG е). 
Ф › To n^ J2, Та ds › s 
which as already mentioned form a (0123) system; form with these the four sums 
| 20,070,505, 


where in each case a+b+c+d=k, but in the first sum a, in the second sum b, in 
the third sum c, and in the fourth sum d is of contrary parity to the other three 
letters (even, if they are odd; odd, if they are even), say the four sums are №, Х,, %, X, 
respectively; each sum depends linearly on 4 (/° + 1) constants. 


The general transformation theorem then is 


~ =H, =, 2,-IL,. L; 
49—95 
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each of which equations in fact represents $(k?+1) equations; viz. on the left-hand 
side we assign to the constants $ (+1) systems of values at pleasure, then to each 
such system there corresponds on the right-hand side’ a determinate system of values 
of the $ (/° + 1) constants. 


57. The results may be presented in а more symmetrical form. Writing & 7, 6, о 
for the foregoing z, y, 2, w, we may consider 


ө(” "(E+ А+ Ho, 1+ НЕ+ Bo) (4, Н, В) 


as а function of the four arguments &, э, €, о, and express it by 


h, v ‚р р 
2 "En & e) (4^, Н, В), 
Writing then 
æ= é+ A'E + H'o, 
y=n+ HE+ B'o, 
A b. Z, W = ( A; bo, Co, dy RE N, 5 o), 
Ai, b, a, d | 
а», bas Ca, d. 
b 


Q5, D Cz, ds 


A 
2. + Az + Hz, = age + boy + A (ад + bay) + H (asx + bsy) 
= (a, + Аа, + Has) (E + A'E + Но) 
+ (b, + Bb, + Hb,) (n + H'£-- Bo), 


we have 


and also X¥+AZ+HW= 
а + 67 + с +аю = (a+ Да, + Наз) E 
+ А (a£ + ban + Gf + Фо) + (b, + Ab, + НЬ,) ә 
+ Н (а. + ban + c£ + ао) + (с, + Ас, + Нез) € 
+ (3, + Аа, + Hd;) о, 
or since, as above, 
А’ (a, + Аа, + На.) + H' (b, + Ab, + Hb) = с + Ас, + Hes, 
H' (a) + Аа, + Has) + В (b, + Ab, + НЬ) = а, + Аа, + На,, 
we find 


2+ Az + На= Х+ А2 + HW; 
and in like manner another equation, viz. we have 

2. + 42, + Hz, X + AZ + HW, 

2 + Hz-4Bz-Y-HZ-BW. 


www.rcin.org.pl 


389 


848 | ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. 
Moreover 
2025 + 212. + (A, Н, Вўг,, г)? 
= 2,(2 + А2, + Hz) = (as + boy) (X + AZ+ HW) 
+ 2,(2, + Hz, + Bz) + (asx + bsy) (Y + HZ + BW) 
| = 94, (€&+A'E+ Но) (X+AZ+ HW) 
+ 5, (n+ H’E + Вю) ( i ) 
+ a; (E+ A'E- Но) (Y + HZ 4 BW) 
+ bs (n+ Н+ Въ) ( Р jn 


which qua function of X, Y, Z, W may be called x. 
58. And we then have the final result in the following form, viz. 


exp. іту. (7 я (X, Y, Z, W)(A, H, B), 


in each of the four forms, is a homogeneous function of the order k of the corre- 


sponding four forms 
Hs v , , и 
Фи въ, m, В). 
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